String theory implies a relatively modest growth in computational complexity for perturbative gravity calculations as compared to gauge theory calculations, contrary to field theory expectations. An explicit string-based calculation, which would be extremely difficult using conventional techniques, is presented to illustrate this.
1. Introduction. Perturbative computations in gravity are notorious for their algebraic complexity, being many orders of magnitude more complicated than the corresponding gauge theory computations. For example, a brute force computation of the one-loop four-graviton scattering amplitude using conventional Feynman diagram techniques [1] involves ∼ 10 8 terms. Even with the background field method [2] in a brute force computation one would encounter ∼ 10 6 terms. The size of these intermediate expressions may be compared to the final results which are quite compact; indeed the amplitude for one minus and three plus helicities fits on a line.
Recently, a string-based technique significantly more efficient than conventional Feynman diagram techniques was developed for the computation of one-loop n gluon amplitudes [3] [4] [5] [6] [7] . Obvious questions are whether this technique can be extended to other cases and whether string theory provides additional non-trivial guidance for these extensions. In this letter, we address these questions by extending these string-based techniques to perturbative gravity. At tree level, Berends, Giele and Kuijf [8] have already used string theory [9] to give compact expressions for a class of tree-level gravity amplitudes using known Yang-Mills tree amplitudes [10] . For N = 8 supergravity, Green, Schwarz and Brink have used the Green-Schwarz formulation of string theory to give compact results for the four graviton one-loop amplitude [11] .
The string-based technique was originally developed to compute one-loop gluon matrix-elements that are formidable to compute but which are required for current and future experiments. This technology was a key ingredient in the first calculation of the one-loop five-gluon amplitude (which will enter into the analysis of three-jet events at hadron colliders) [6] . This technique has been summarized in terms of systematic rules [4, 5] for the one-loop n-gluon amplitude which require no knowledge of string theory and bypass much of the algebra associated with Feynman diagram calculations.
To convert the rules to the case of one-loop graviton scattering amplitudes we alter the details of the string construction to recover gravity amplitudes rather than gauge theory amplitudes in the infinite string tension limit [12] . Since the string based rules for gauge theories are already computationally efficient one expects considerable advantages in using string-based rules for gravity.
Calculations of one-loop gravity amplitudes have never been performed using traditional Feynman diagram methods. With the string-based method [4, 5] we exhibit a four-point graviton-by-graviton scattering calculation for a particular helicity configuration and arbitrary particle content. This computation would be exceedingly difficult by traditional Feynman diagram techniques but is very simple with string based techniques.
Given the conventional field theory understanding of the efficiency of the stringbased methods when performing a one-loop Yang-Mills calculation [13] , one might think to apply this knowledge to other cases without further appeals to string theory [14] . However, for the case of one-loop gravity the field theory understanding of Yang-Mills is insufficient to obtain the full benefit of the string-based methods. In particular, the structure of the string integrand is (Closed String) ∼ (Open String) 2 .
Since closed strings contain gravity and open strings contain gauge theory there should be a formulation of gravity with the property that the integrands of the diagrams satisfy
In string theory this relationship can be made precise.
Given that string theory has this property one can attempt to reorganize field theory to mimic this. To do so non-trivial field redefinitions and gauge choices are required. In this way one can attempt to mimic the string simplicity of the amplitude, but in a conventional field theory approach there is no guiding principle. (The field theory first quantized formalism [15, 16] could be used for studying the effective action.) 2. Field theory structure. We will now examine the properties that a reorganization of conventional field theory must satisfy to mimic the string-based structure (1) . The starting point in field theory is the Einstein-Hilbert action
Our conventions are chosen so that the kinetic term has the correct canonical normalization. The metric is expanded as g µν = η µν + κh µν where h µν is the graviton field. The first step in finding a conventional field theory formulation which mimics string theory is to find a suitable propagator for h µν . In string theory the propagator
, where L 0 andL 0 are left-and right-mover world-sheet Hamiltonians, does not contain Lorentz indices. This indicates that the required field theory propagator should have a trivial Lorentz structure and therefore be proportional to the unit tensor
The unit tensor is a symmetrization of a product of η µν 's which is the tensor in the propagator of Feynman-like gauges in Yang-Mills. The commonly used de Donder gauge gravity propagator [1] is
where the signature of g µν is (+, −, −, −). This propagator is not of the desired form, since there is an extra trace piece and so the de Donder gauge is not an appropriate candidate to mimic the string organization. Although it is not possible to obtain a propagator with only a unit tensor within the class of standard gauges, since the de Donder gauge propagator is close to the desired form one might suspect that there exists a modification of the theory with the desired field theory propagator. String theory suggests a natural way of accomplishing this.
In string theory there is always an additional field associated with the graviton -the dilaton ϕ. This suggests that one can add a dilaton to the theory in order to produce a simple propagator to aid in calculations. At the end of a calculation one would subtract out the dilaton contribution, which is quite simple because it is a scalar. In a string-based calculation one also needs to subtract the dilaton contribution. In string theory there is in addition an antisymmetric tensor which must be subtracted; in four dimensions, this is effectively another scalar.
From the field theory understanding of the gauge theory rules [13] , the background field method [2] is needed to mimic the loop part of the string-based rules. Consider the one-loop effective action of gravity coupled to a dilaton and carry out a background field expansion g µν =ḡ µν + κh µν . With the background field de Donder gauge choice, the part of the action quadratic in the quantum fields is
where we have used the on-shell conditions on the background field and have included the ghosts χ µ . The curvature and covariant derivatives are with respect to the background field. Consider the field redefinition
This has no effect on the value of the effective action since it is only a change of variables for the internal quantum field. (There is a trivial Jacobian in the path integral which is unity in dimensional regularization.) Performing the field redefinition yields
where again we have dropped terms that vanish after imposing the equation of motion on the background fieldḡ. In this action the 'graviton' propagator is proportional to the unit tensor and is thus of the required form to mimic the string organization. Furthermore, the background field graviton three vertex G 3 derived from this action is
where V 3 is proportional to the kinematic part of the Feynman gauge background field Yang-Mills three-vertex,
where k is the momentum of the on-shell background field line and p and q are the momenta of the internal lines. The vertex G 3 is therefore of the desired form to mimic string theory since it is composed of products of Yang-Mills vertices.
In background field method one would sew tree diagrams in some other gauge onto the one particle irreducible diagrams [2] . For the tree parts of diagrams, the relevant gauge choices and field redefinitions necessary to mimic the string form are more complicated but are similar (although not identical) to the choices made by van de Ven [17] in his computation of the two-loop infinity of gravity. A field redefinition is also needed to remove the trace term in the tree-level graviton propagator.
One can expect that this process of reformulating field theory to mimic the stringbased structure can be continued, but the process becomes increasingly obscure. For example, Yang-Mills only has three-and four-point vertices while gravity has infinitely many vertices.* A simpler approach to carry out calculations is to proceed directly using string theory. The procedure for obtaining field theory rules from string theory has been described in refs. [4, 18] .
One-loop rules for gravity.
The one-loop string-based rules for gravity are similar to those for gauge theory [4] so we only outline the differences between the two sets of rules. We use the bosonic string form of the rules [18, 19] since the kinematic expression is simpler than the heterotic string form originally used [4, 5] although it contains identical information. (The heterotic string was used in the original derivation of the rules because of its full consistency.) * In the field theory limit of string theory higher point vertices appear from a combination of δ-functions in the Schwinger proper time and by cancellation of kinematic poles against factors in the kinematic expression.
The starting point of these rules are labeled φ 3 diagrams (excluding tadpoles.)
Considering that gravity has an infinite set of higher point Feynman vertices, a description in terms of φ 3 diagrams may seem surprising, but the contributions from all such higher vertices are implicitly included. There is no need to consider diagrams with loops isolated on external legs as these vanish in dimensional regularization. The external legs of the diagrams should be labeled in the same way as ordinary Feynman diagrams with all orderings included. This is unlike the gauge theory case where the legs were color ordered. The inner lines of a tree attached to a loop are labeled according to the rule that as one moves from the outer lines to the inner lines, one labels the inner line by the label of the most clockwise of the two outer lines. (See refs. [4, 5, 19] for further details.) According to the rules, each labeled n-point φ 3 -like diagram evaluates to
(3) where the ordering of the loop parameter integrals corresponds to the ordering of the n ℓ lines attached to the loop, x ij ≡ x i − x j , and K red is the reduced kinematic factor. The string-based rules efficiently yield K red in a compact form. The lines attached to the loop carry momenta P i which will be off-shell if there is a tree attached to that line. The dimensional regularization parameter ǫ = 4−D handles all ultraviolet and infrared divergences. The x i m are related to ordinary Feynman parameters by x i m = m j=1 a j . The amplitude is then given by summing over all diagrams.
The starting point for evaluating K red for any diagram is the graviton kinematic expression
where the 'multi-linear' indicates that only the terms linear in all ε i andε i are included. The graviton polarization tensor is reconstructed by taking ε µ iε ν i → ε µν i . This kinematic expression is obtained from a bosonic string and contains the same information as that obtained from a superstring [18] . The structure of this kinematic expression is that the polarization factors are a product of two gauge theory factors, [4, 5, 18] corresponding to the left-and right-movers of the underlying closed string theory. In string theory the G B are Green functions on the world sheet, but in the field theory limit these become 'Feynman parameter functions'. From a conventional Feynman diagram point of view, the existence of a universal kinematic function is surprising as there is apparently no simple relationship between the various Feynman diagrams contributing to a given process.
In the form of the rules presented in refs. [4, 18] , one integrates by parts to remove allG B . In the case of gravity the integration by parts on the left and right are not independent and certain cross-terms where a left-mover derivative hits right-mover terms must be taken into account. We will discuss these cross-terms elsewhere since the integration by parts is not necessary for the calculation in the next section. It is this integration by parts step which reduces gravity to a φ 3 structure. (This step
is not an essential part of the string-based method, which can be formulated without integration by parts [7] .) Given the integrated by parts kinematic expression, for a particular diagram with a two-point tree with lines labeled by i and j, with i appearing before j in the clockwise ordering, the tree rules tell one to replace a (Ġ 
One moves from the outside inward iteratively, replacing the functions as described. These tree rules do not depend on what particles circulate in the loop and are similar to those in refs. [4, 5, 19] . After the tree rules are applied to a given diagram one then applies loop substitution rules. These are essentially identical rules as for Yang-Mills applied independently to both the left-and right-mover parts of the kinematic expression. This provides an explicit diagram-by-diagram relationship between the one-loop gravity amplitude and the corresponding gauge theory amplitude. For gravitons (and the associated ghosts) circulating in the loop, every term generates two types of contributions.
The first contribution for left-movers is obtained by multiplying the kinematic expression by an overall factor of (2 − ǫδ R ) and substitutinġ
and exactly the same substitution for the right-moverĠ ij B . The parameter δ R depends on the precise form of the regularization scheme used [4] . When this first type of term occurs for both left-and right-movers instead of a factor of (2 − ǫδ R ) 2 , the correct factor is (4−ǫδ R )(1−ǫδ R )/2, which is the number of graviton degrees of freedom. More generally for a theory of gravity containing various particle types, the factor (2 − ǫδ R ) 2 is replaced by
where N b is the number of bosonic states (including any modifications due to dimensional regularization) and N f is the number of fermionic states which circulate in the loop.
The second type of contribution for gravitons arises if a particular term contains a cycle ofĠ B s [18, 19] . The rules for cycle contributions are essentially the same as for gauge theory except that now there are both left and right contributions. For the graviton in the loop one simply takes the gauge theory vector rules on the right and on the left.
For other particles in the loop one applies rules appropriate for the particle under consideration. For example, a contribution from a gravitino in the loop can be obtained by using gauge theory vector loop rules on the left and fermion loop rules on the right. In this way the contribution of gravitons, gravitinos, vectors, fermions or scalars to the one-loop gravity amplitudes can be obtained by independently choosing gauge theory scalars, fermions, or vector loop rules given in refs. [18, 19] for the left and right pieces.
Modifications to include masses for the internal fermions or scalars is simple; the only change is in the denominator in eq. (3) where the massless Feynman denominator is replaced with one corresponding to massive states circulating in the loop.
To illustrate the gravity rules we now turn to an explicit example.
Sample calculation.
We now calculate the A(1 − , 2 + , 3 + , 4 + ) four-graviton helicity amplitude. From a conventional Feynman diagram point of view, this computation requires a total of 12 distinct diagrams or 54 diagrams including permutations of external legs. Since gravity vertices contain many terms this would be an extremely difficult calculation with conventional Feynman diagram techniques; using string-based rules we show that this calculation is in fact very easy. The first step is to insert spinor helicity simplifications into the kinematic expression (4). The spinor helicity method for gravitons [8, 20] is related to that for vectors [21] by
where ε ±± are the graviton helicity polarizations and ε ± are the vector helicity polarizations defined by Xu, Zhang and Chang. We use the notation for spinor inner products k First consider 1a. This diagram has no trees so we immediately apply the loop rules. It is not difficult to check that all cycle contributions of the loop cancel amongst themselves whether fermion or vector rules are applied to the right-or left-movers. Thus the reduced kinematic expression can be obtained by applying the substitution rule (5) and multiplying by the number of states N s yielding the Feynman parameter polynomial
Up to an overall constant this is precisely the square of the Yang-Mills Feynman parameter polynomial for the corresponding diagram derived in refs. [5, 19] . Inserting this into the loop integral yields
Since this and all following integrals are finite we have set the dimensional regularization parameter ǫ to zero. This integral is easy to evaluate as the numerator cancels the denominator after performing the x 1 integral. Diagrams 1b and 1c are just as easy to evaluate. The three contributions are
This takes care of the box diagrams. Now we evaluate the two triangle diagrams. First consider 1d. Applying the rules for a 1-2 tree reduces the kinematic coefficient (4) to 
) which is a trivial integral since the denominator cancels against the numerator. The last non-zero diagram 1e is similar to evaluate and the two diagrams are
Summing over all diagrams we have the four-graviton amplitude in a theory with any particle content as For pure gravity N s = 2 because the graviton has two helicity states. It is easy to verify that this amplitude has the required crossing symmetry under the interchange of legs 2, 3 and 4. In a supergravity theory with equal numbers of bosonic and fermionic states N s = 0 so the amplitude vanishes in agreement with the supersymmetry identities [22] . Note that in this string-based calculation this identity holds at the level of the integrand. The helicity conserving process A(1 − , 2 − , 3 + , 4 + ) is more difficult to compute since cycle contributions no longer vanish and it is infrared divergent. However, even this is relatively easy to compute using the string-based methods. These calculations may be compared to the corresponding QED calculation of light-by-light scattering. One has a few more diagrams and more complicated Feynman parameter polynomials to integrate, but the extra complication is very slight when compared to the traditional field theory expectation that gravity computations are exceedingly more complicated than QED ones.
In conclusion, gravity provides a further example of how string-based methods can be used to obtain results which would be extremely difficult to obtain using field theory methods. We expect new methods based on string theory to have further non-trivial applications to field theory calculations.
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